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Let (CJ be a sequence of closed convex subsets of Euclidean n-space E”. This 
paper is concerned with the problem of finding necessary and sufficient conditions 
that the sets Ci can be rearranged (by the application of rigid motions or tran- 
slations) so as to cover all or almost all E”. Particular attention is paid to the 
problems that arise if the sets Ci are permitted to be unbounded. It is shown that 
under certain conditions this covering problem can be reduced to the already 
thoroughly investigated case of compact sets with bounded diameter set (d(C,)), 
and it is also proved that there are two additional covering possibilities if such a 
reduction is not possible. 
1. INTRODUCTION 
Let (Ci) = (C,, C,,...) be a sequence of closed convex subsets of n- 
dimensional Euclidean space E”. We say that (C;) permits an isometric 
covering of E” (or of almost all E”) if there are rigid motions u,, u2,... so 
that E” c (J aiCi (or m(E”\U UiCi) = 0, where m denotes Lebesgue measure 
in E”). If there are not only rigid motions but translations with these 
properties, we talk about translative coverings of E” (or almost all E”). If the 
sets Ci are bounded, various results concerning such coverings are known. 
For example, if (Ci) is such that the diameter set (d(C,), d(C,),... } is 
bounded it has been shown ([3, lo]) that (Ci) permits an isometric covering 
of E” if and only if 
x m(C,) =03. (1) 
An analogous result for translative coverings of E2 has been proved in [8]. 
The corresponding problems which arise if the sets Cj are compact and 
convex but the diameter set {d(C,)} is unbounded have been considered in 
]l, 21, and [4]. There are not many results dealing with coverings by 
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unbounded convex sets. Isometric coverings by a finite number of such sets 
are discussed in [5] and translative coverings by strips or slabs are 
considered in [6-S]. 
In the present paper, we show how the case of unbounded convex sets can 
be essentially reduced to the case of bounded convex sets. First, we 
demonstrate this possibility for sets of finite widths. These are defined as sets 
that are contained in some slab, i.e., in the closed set consisting of all points 
between two parallel hyperplanes. We show that several important facts 
about coverings by compact convex sets can be extended to the case of 
closed convex sets of finite widths. Then, we concern ourselves with 
coverings by sequences of closed convex sets without any boundedness 
restrictions. It turns out that there are three basic types of such coverings; 
two belong to previously discussed types, the third one is completely trivial. 
By i]xl] we denote the Euclidean norm of the points (vectors) x E E”, and 
by B(p) the closed unit ball (x: x E E”, I/x - pJI ,< 1). Instead of B(o), where 
0 = (0, o,..., 0), we write simply B. 
2. THEOREMS 
Our first theorem establishes a necessary and sufficient condition that is of 
the same kind as (1) but applies to arbitrary sequences of closed convex sets 
of finite widths. It is convenient to formulate at the same time the 
relationship between several kinds of coverings. 
THEOREM 1. Let (Ci) be a sequence of closed convex subsets of E” of 
finite widths. Then the following statements are equivalent: 
(a) (Ci) permits an isometric covering of E”, 
(b) (Ci) permits an isometric covering of almost all E”, 
(c) (Ci) permits a transla-tive covering of almost all E”, 
(d) If we set vi = sup, m(C, n B(p)), then 
F7 vi zz 00. (2) 
Moreover, if n = 2, the following statement is also equivalent to (a)-(d): 
(e) (Ci) permits a translative covering of E2. 
For compact convex sets the equivalence of (a) and (c) has been 
previously proved in (41 by a more complicated method. 
If (Ci) is a sequence of closed convex sets of finite widths Theorem 1 
shows that we may simply use the phrase (Ci) permits a covering of E” 
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without specifying whether this is meant in the sense of (a)-(c) or, when 
n = 2, (e). Instead of (d) it is sometimes more convenient to use the 
following obviously equivalent statement: 
(d’) There exist unit balls Bi so that 2 m(Ci n Bi) = CO. 
If (d’) is combined with the theorem mentioned in the introduction one 
notices that there is another possibility to state (d’), namely: 
(d”) There exist unit balls Bi so that the sequence (Ci f7 Bi) permits a 
covering of E”. 
This version is of some interest since there is no longer any reference to 
the volume of the sets Ci. It leads immediately to the question whether the 
equivalence (a) o (d”) (with (d”) re erring f to isometric coverings of all E”) 
can be proved for arbitrary sets of finite widths. This is indeed the case if 
one considers only locally finite coverings, i.e., coverings with the property 
that every unit ball meets only finitely many sets. Under this assumption one 
has even (e) o (d”), (with (d”) referring to translative coverings of all E”), 
without any restriction on the dimension. Concerning the proofs of these 
remarks, we add a few comments at the end of the proof of the lemma in 
Section 3. 
In [2] we have presented a useful induction procedure (with respect to 
dimension) for deciding whether a given sequence of compact convex sets 
permits a covering of E”. Our next theorem generalizes this result to the case 
of closed convex sets of finite widths. If C is such a set of diameter d(C) 
(possibly co) and if L c C is a line segment of length d(C) we call the 
projection of C onto a hyperplane orthogonal to L the normal projection of 
C. It will be denoted by N(C). If there are several such line segments L; we 
make an arbitrary selection and keep it fixed. One can think of the sets N(C) 
as closed convex subsets of E”-’ of finite widths, determined up to rigid 
motions in En-‘. 
THEOREM 2. Let (Ci) be a sequence of closed convex subsets of E” of 
finite widths. Then, (Ci) permits a covering of E” if and only if either 
2 m(Ci) = CO 
d(Cj) 6 1 
(3) 
or the sequence of those normal projections N(C,) with d(Ci) > 1 permits a 
covering of En-‘. 
We consider now coverings of E” by closed convex sets that are not 
necessarily of finite widths. If C is any closed convex set one can inscribe in 
C a maximal cone K, that means a cone Kc C so that no other cone in C 
with the same apex as K contains K. Such a cone K is again closed and 
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convex and unique up to translations (cf. Grtinbaum 19, p. 241 and Groemer 
[ 51). Obviously, C is of infinite width (i.e., not of finite width) if int K # 0. 
Now, let C, ,..., C, be finitely many closed convex sets with respective 
maximal cones K, ,..., K,. We say that (C, ,..., C,) permits a central isometric 
or translative covering of E” if one can apply, respectively, rigid motions or 
translations to the cones (K, ,..., K,J so that the resulting cones cover E” and 
have their apices at the same point. It is a remarkable fact that (C, ,,.., C,) 
permits an isometric or translative covering if and only if it permits, respec- 
tively, a central isometric or translative covering of E”. A proof of this has 
been given in [S] (only the case of isometric coverings has been considered 
there, but the same proof applies to translative coverings). It is clear that the 
problem of finding such central coverings can always be reduced to a sphere 
covering problem for finitely many compact spherically convex sets simply 
by intersecting the pertinent maximal cones with an (n - 1) sphere centered 
at the common apex. 
Our final theorem shows how the most general kinds of coverings of E” 
by closed convex sets are related to the previously discussed special cases. 
THEOREM 3. Let (CJ be a finite or infinite sequence of closed convex 
sets in E”. Then (Ci) permits an isometric covering of E” or almost all E”, or 
a translative covering of almost all E” (or all E” if n = 2) if and only if one 
of the following conditions is satisfied: 
(i) (Ci) contains infinitely many sets of infinite widths, 
(ii) (Ci) contains finitely many sets of infinite widths that permit, 
respectively, a central isometric or translative covering of E”, 
(iii) (CJ contains infinitely many sets of finite widths that permit a 
covering of E”. 
Note that (i) is a completely trivial situation since in this case there are 
infinitely many sets Ci that contain a unit ball. 
Theorem 3 says nothing about translative coverings of all E” if n > 2. 
This is due to the fact that this case has also been excluded in Theorem 1. If 
however, one considers again only locally finite coverings, then the 
assumption n = 2 in Theorem 3 can be removed. Of course, (iii) refers then 
also to translative coverings of all E”. The validity of this remark will be 
discussed at the end of the proof of Theorem 3. 
3. PROOFS OF THE THEOREMS 
First we prove a lemma that will be useful for proving both Theorems 1 
and 3. 
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LEMMA. Let (Ci) be a sequence of closed convex subsets of E” of finite 
widths, and let C be a closed convex cone in E” with nonempty interior. If 
(Ci) permits an isometric covering of almost all points of C, then there exist 
unit balls Bi such that 
x m(Ci n Bi) = co. (4) 
Proof: It is convenient to assume, as we may, that C has apex o and that 
the sets Ci already have the property that 
m(C\U Ci) = 0. (5) 
Since the sets Ci are of finite widths each Ci is contained in some slab Di 
(which we keep fixed after it has been selected). With each slab Di, we 
associate the plane through o that is parallel to the boundary planes of Di. If 
these planes are intersected with the (n - I)-dimensional unit sphere S”-’ 
(centered at o) we obtain countably many (n - 2) spheres on S”-‘. Since 
int C # 0, it is therefore possible to find a point, say p, that is in none of 
these (n - 2) spheres but in the interior of C n S”-’ (with respect to the 
usual topology on S+i). It follows that the half-line, say L, starting at o and 
containing p cannot be contained in any of the slabs Di. Thus, for any given 
i, the intersection Din L is only a bounded segment (possibly empty) and it 
follows that Di f7 B(q) = 0 if q E L and 11q11 is large enough. The balls B, of 
the lemma can now be constructed by the following procedure. Let q0 be a 
point on L so that B(q,) c C. It follows from (5) that C m(Ci n B(q,)) > 
m(B). Hence, there exists a set I, of finitely many subscripts i so that 
C m(Ci n B(q,,)) > im(B). 
iclo 
From our earlier remark concerning the properties of the line L, it is clear 
that we can choose a point q1 E L with (lql )I so large that Ci n B(q,) = 0 for 
all i E I,. As before, one can find a set I, of subscripts such that 
s m(Ci nW,)) > %W. 
icIl 
In addition, it can be assumed that I, n I, = 0. Continuing in this manner 
we obtain mutually disjoint sets I,, I, ,... so that for k = 0, l,..., 
(6) 
If we define now Bi = B(q,) whenever i E Ik, and Bi = B if i is in none of the 
sets Zk, then (4) is an immediate consequence of (6). 
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If the covering (CJ is locally finite one can (in a similar fashion, but 
without the use of any measure) select inductively balls B(q,), B(q,),... and 
corresponding finite and mutually disjoint subscript sets I,, I, ,... so that 
B(qj) c lJiGlj Ci. If we define B, as before, the sets Ci nBi can then 
obviously be translated so that they cover all E”. This shows that (a) 2 (d”) 
as we have claimed in the discussion of condition (d”) (note that (d”) * (a) 
is obvious). 
Proof of Theorem 1. We show first that (a)-(c) and (d’) are equivalent. 
From the fact that (d(C, n Bi)} is bounded, and that (1) is satisfied (with Ci 
replaced by Ci n Bi) if (d’) holds, we obtain immediately (d’) * (a). The 
implication (d’) 3 (c) is proved in [4], where it is shown that already the 
sequence (Ci n Bi) permits a translative covering of almost all E”. Thus, if 
the trivial implications (a) ti (b) and (c) 3 (b) are added we have 
W 3 (4 * (b), Cd’) z- Cc> * @I. 
Since an application of the above lemma in the case C = E” yields 
immediately (b) * (d’) we obtain (a) o (b) e (c) o (d’). Concerning 
statement (e) we note that (e) * (c) is obvious and that (d’) 3 (e) is a conse- 
quence of [8, Theorem 61 since this theorem states that a sequence of 
compact convex domains with infinite total area and bounded diameter set 
permits a translative covering of E*. 
Proof of Theorem 2. Let us first assume that (Ci) does permit a covering 
of E”. Then, it follows from Theorem 1 that 
T-‘ 
d(CT< 1 
vi+ L’ 
d&> I 
ui= co. 
Hence, either (3) holds or there are unit balls Bi such that 
x m(C, n B,) = 00. (7) 
d(Ci) > 1 
To deal with the latter situation let m’ denote Lebesgue measure in En-‘, 
and let B; be the (n - I)-dimensional unit ball obtained from the orthogonal 
projection of B, onto the same plane that is assumed to contain N(C,). Since 
each set Ci n B, is contained in a right cyclinder of height 2 and with base 
N(Ci) n BI we deduce from (7) that 
C m’(N(Ci) nB;) = 00. 
d(Ci) > 1 
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Hence, we can again apply Theorem 1 (for En-‘) and conclude that the sets 
N(C,) with d(C,) > 1 permit a covering of En-‘. 
Suppose now that either 
C m(Ci)= 00 (8) 
d(Ci) < 1 
or that the sequence of all N(C,) with d(CJ > 1 permits a covering of E”-‘. 
If (8) holds, we are again dealing with the already settled case of a sequence 
with bounded diameter set that satisfies (1). Let us therefore consider the 
second possibility. We may assume that all the sets N(C,) are in the same 
plane, say H, of E”. It follows from Theorem 1 that there are (n - l)- 
dimensional unit balls say Qi in H such that: 
Y- 
d&Y> 1 
m'(ZV(Ci) n Qi) = CD. 
Thus, we have 
T L m'(N(C,) n Qi) = 00 
I<d(Ci)<m 
(9) 
or 
c m'(N(C,) n QJ = ~0. (10) 
d(Ci) = cc 
If (9) holds we obtain from Theorem 1 that the sets N(C,) permit a 
covering of En-‘. Since in this case all the pertinent sets (Ci) are compact, 
and since under this assumption Theorem 2 has already been proved in [4] it 
follows that these sets (Ci) permit a covering of E”. 
Suppose now that (10) holds. We may assume that H = ((x, ,..., x,- , , x,): 
x, = 0) and that each of the sets Ci appearing in (10) contains the half-line 
L = {(O,..., 0, x,): x, > 0). If S c E” we denote by S’ the orthogonal 
projection of S onto H. Let Zi denote the cylinder Zi = 
{(x 1 >‘.‘> x,- 1, x,): (x, 9*-m, x,- 1, 0)E Qi,-co cx,, -c co}. If we set 
Ti= cinzi 
then T,! = N(C,) n Q, and (10) can be written in the form 
(11) 
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We are now going to show that each set Ti contains a right cyclinder, say 
Yi, with the property that its height is 1, its base is contained in an (n - l)- 
dimensional unit ball, and 
m( Yi) > $n’(T;). (12) 
Such cyclinders Yi have the further properties that Yi c Ci and that the 
diameter set { d( Y,)} is bounded. Moreover, (11) and (12) imply 
C m(Y,) = co. Thus, if the existence of these cylinders Yi is established the 
proof of the theorem can be completed by applying the previously mentioned 
theorem on coverings by sequences with bounded diameter set. 
To construct the cylinders Yi we note first that the assumption L c Ci 
implies that (p, ,..., P~-~,x,JE Ti whenever (P,,...,P+~,P,JE Ti and 
X,>P,* Therefore, if we set U, = Ti n {(x, ,..., x,): x, = k}, where 
k = 1, 2,..., then U;c U;+i and T; = lJ,“,, I,$. It follows that m’(T,I) = 
lim,, m m/(&J. Hence, there exists an integer k so that bm’(TI) < m’(Uk) 
and it is clear that the cylinders Yi = {(xi ,..., x,~~,x,): (xl ,..., x,-, , 0) c 
U;, k < xk < k + 1 } have the desired properties. 
Proof of Theorem 3. Obviously, (Ci) does permit a covering of the 
desired kind if one of the conditions (i)-(iii) is satisfied. To prove that these 
conditions are also necessary, let us assume that (i) and (ii) are not satisfied. 
We wish to show that (iii) holds. It can be assumed that the sets Ci already 
have the property that they cover E” or almost all E”. Then (Ci) contains, at 
most, finitely many sets, say C, , C, ,..., C, of inifinite widths. Furthermore, if 
the inscribed maximal cones of the sets Ci are translated so that their apices 
are at o they will not cover the unit sphere S”- ‘. Hence, if we denote these 
translated cones by K,, K, ,..., K, we can state that there is a spherical cap, 
say M, on S”-’ that is disjoint to all the spherically convex sets Kin S”-‘. 
The convex cone V with vertex o and M = Vn S”-’ is then disjoint to all 
the cones K,. 
Suppose now that Ci n V# 0 (for some i = 1,2,..., k). Let p be an 
arbitrary but fixed point in Ci n I/. If Ci n V contains points x so that the 
segments [p, x] are arbitrarily long we can infer, using an obvious 
convergence argument, that Ci n V would contain a half-line, say G, starting 
at p. Moreover, it is easily seen that we had G - p c V and G - p c Ki (cf. 
[S]). But this is impossible since V and Ki are disjoint. Thus, for 
i = 1, 2,..., k, each of the sets Ci n V is bounded. Consequently, V contains a 
translate V + q of V that is disjoint to all the sets C, ,..., C, and is therefore 
covered, or almost covered, only by sets of finite widths. For these sets we 
have because of our lemma C ui = co and the proof is concluded by 
applying Theorem 1. 
If the covering of V + q by the sets Ci is locally finite, one can avoid the 
application of the Lemma and Theorem 1. Indeed, the remarks after the 
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proof of the Lemma show that one can find balls Bi so that the sets Bi n Ci, 
and, therefore, the sets Ci, can be translated so as to cover all E”. Note that 
a locally finite covering by closed convex sets of almost all E” is necessarily 
a covering of all E”. 
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